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Abstract
In this paper, we reveal a direct relation between the generalized one-dimensional Carinena-
Ranada-Santander (CRS) model and the radial part of two-dimensional generalized Higgs model.
By this relation, we construct a series of quasi-exactly solutions for the two-dimensional Higgs
model from a solved generalized CRS model.
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I. INTRODUCTION
In this paper, we present a coordinate transformation between the one-dimensional radial
generalized Higgs model[1] and the generalized Carinena-Ranada-Santander (CRS) model
[2, 3]. Using this transformation, we construct a series of two-dimensional quasi-exactly
solvable (QES) Higgs models.
The coordinate transformation is a useful method for construct physical models. His-
torically, Euler obtained the transformation between the equation of one-dimensional Ke-
pler motion and the equation of a one-dimensional harmonic oscillator [4]. Levi-Civita`
reduced the two-dimensional Kepler problem to a two-dimensional harmonic oscillator [5].
Kustaanheimo and Stiefel got the reduction of the three-dimensional Kepler problem to a
four-dimensional harmonic oscillator [6]. Davtyant et al showed how to transform from the
five-dimensional Kepler problem to a eight-dimensional harmonic oscillator [7]. Moreover,
the coordinate transformation method can also be applied to many other problems, such as
celestial mechanics [8], the complicated classical dynamics of the hydrogen atom in crossed
electric and magnetic fields [9–11], and similar problems in quantum mechanics [12–14].
These results have also been discussed in mathematical field [15].
The QES quantum problem was a remarkable discovery in last century [16–20]. Quantum-
mechanical potentials are quasi-exactly solvable if only parts of energy spectrum and associ-
ated eigenfunctions can be solved as exactly analytical form. QES systems are intermediate
to non-exactly solvable and solvable ones and their potentials depend on a parameter. This
kind of problem can be solved by Lie algebra [21], analytical method [22]. Three meth-
ods for construction of QES potentials were used to establish many QES potentials, which
are respectively based on an ansatz method, canonical transformation, and supersymmetric
(SUSY) quantum mechanics.
Higgs introduced a generalization of the isotropic harmonic oscillator and hydrogen atom
on a two-dimensional curved sphere with constant curvature λG [1]. Leemon generalized it
into N-dimensional curved sphere [23]. On a two-dimensional curved sphere, the Hamiltonian
can be written as
HG =
1
2m
(
pi2 + λGL
2
)
+ V(r), (1)
where pi = p + 1
2
λG [x (x · p) + (p · x)x], L2 = 12LijLij , r =
∣∣∣√x2∣∣∣, V(r) = 12mω2r2 for
ii
the harmonic oscillator, and V(r) = −κ
r
for the hydrogen atom. Carinena, Ranada and
Santander proposed a kind of one-dimensional model for the quantum nonlinear harmonic
oscillator, which is called the CRS model now [2]. Wang and Liu generalized a class of the
exactly solvable CRS model [3], whose Hamiltonian reads
HQ =
1
2m
(Kp2 − i~λQxp)+ V (x), (2)
where K = 1 + λQx2, λQ is a real number, and the potential V (x) is determined by the
factorization method as V (x) = ~
2
2m
· (βX+γ)2+(βX+γ)(AX+B)
K( dXdx )
2 +C. For the potential V (x), β, γ
and C are arbitrary numbers. X = X(x) is a function which is analytic nearby x = 0. The
parameters A and B need to satisfy the equation K d2X
dx2
+ λQx
dX
dx
= AX +B.
In this paper, we find a coordinate transformation between the radial generalized Higgs
model and the generalized CRS model. According to this transformation, each exactly
solvable generalized CRS model corresponds to an exactly solvable radial generalized Higgs
model. However, for each of these exact solvable radial generalized Higgs model, the fixed
parameter m′Q appearing in the transformed potential V(r) needs to equal to the angular
parameter m′ of the two-dimensional generalized Higgs model. Thus, only a part of exact
solvable radial generalized Higgs model can be solved on the two dimensions.
The paper is organized as follows. In Sec. 2, this transformation is given; in Sec. 3, the
transformed Higgs models which are quasi-exactly solvable will be shown; in Sec. 4, there
is a conclusion finally.
II. THE TRANSFORMATION BETWEEN GENERALIZED CRS MODEL AND
THE RADIAL GENERALIZED HIGGS MODEL
In this section, we give the coordinate transformation between the radial part of the
generalized Higgs model and the generalized CRS model.
A. The exact solution of the Higgs oscillator
First, we calculate the wave-function and the energy spectrums of the Higgs oscillator.
The stationary Schro¨dinger equtaion of the two-dimensional Higgs oscillator with the
iii
potential V(r) 1
2
mω2r2 is
− ~
2
2m
[
(1 + λGr
2)2
∂2
∂r2
+
(1 + λGr
2)(1 + 5λGr
2)
r
∂
∂r
+
(
3λG +
15λ2Gr
2
4
)
+ (λG +
1
r2
)
∂2
∂θ2
]
Ψ(r, θ)
= (EG − 1
2
mω2r2)Ψ(r, θ), (3)
where EG is the stationary energy eigenvalue. Considering Ψ(r, θ) = e
im′θψ(r), we can
seperate the angular part from the equation above and get the radial part of above equation
− ~
2
2m
[
(1 + λGr
2)2
d2
dr2
+
(1 + λGr
2)(1 + 5λGr
2)
r
d
dr
+
(
3λG − λGm′2 + 15
4
λ2Gr
2 − m
′2
r2
)]
ψ(r)
= (EG − 1
2
mω2r2)ψ(r). (4)
By solving this radial equation, we get the radial wave function
ψ(r)N,m′ = r
|m′|
(
1
1 + λGr2
)1+ |m′|
2
+
mω′
G
2~λG
2F1(−N,N+|m′|+1+mω
′
G
λG~
, |m′|+1; λGr
2
1 + λGr2
) (5)
and the energy spectrum
EG(N,m′) = ~ω
′
G(2N + |m′|+ 1) +
λG~
2
2m
(2N + |m′|+ 1)2, (6)
where ω′G =
√
ω2 +
~2λ2
G
4m2
, N and m′ are both integer numbers.
B. The exactly solution of a special generalized CRS model
In this part, we calculate the wave function and the energy spectrums of a special gener-
alized CRS model.
For the generalized CRS model, if we set the function and parameters in the potential
as X(x) = cos (2Θ(x)), β = 2λQ(m
′
Q + 1) +
√
λ2Q +
4m2ω2
~2
, γ = 2λQm
′
Q −
√
λ2Q +
4m2ω2
~2
,
A = −4λQ, B = 0, and C = ~22m
(
λQ(m
′
Q
2 − 1) +m′Q
√
λ2Q +
4m2ω2
~2
)
, we get
V (x) =
1
2
mω2
(
tan(Θ(x))√
λQ
)2
− λQ~
2
8m
(
1 + (1− 4m′Q2) csc2(Θ(x))
)
, (7)
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where Θ(x) = arcsinh
(√
λQx
)
. With the potential above, by solving the generalized CRS
eigen-equation [
~
2
2m
(
−K d
2
dx2
− λQx d
dx
)
+ V (x)
]
φ(x) = EQφ(x), (8)
we get the wave function
φ(x) =
[− sin2(2Θ(x))]− 34 sin2(Θ(x))
(
tan(Θ(x))√
λQ
)|m′
Q
|
(9)
[cos(Θ(x))]
1+
|m′
Q
|
2
+
mω′
Q
2~λQ
2F1(−N,N + |m′Q|+ 1 +
mω′Q
λQ~
, |m′Q|+ 1; sin(Θ(x)))
and the energy spectrum
EQ(N,m′
Q
) = ~ω
′
Q(2N + |m′Q|+ 1) +
λQ~
2
2m
(2N + |m′Q|+ 1)2, (10)
where ω′Q =
√
ω2 +
~2λ2
Q
4m2
, N is integer number and m′Q =
β+γ
4λQ
− 1
2
.
C. The transformation relation between the generalized CRS model and the radial
generalized Higgs model
In this section, we give the transformation relation between the generalized CRS model
and the radial generalized Higgs model.
Firstly, there exists two conditions of this coordinate transformation, which are respec-
tively λQ = λG = λ and the angular parameter m
′ equaling to the fixed parameter m′Q
which appears in the generalized CRS model. With both of these conditions, comparing the
energy spectrums (6) and (10), it is obviously that they are exactly the same. Thus, we
achieve the coordinate transformation
x(r) =
1√
λ
sinh(Υ(r)), Υ(r) = arctan(
√
λr), (11)
meanwhile, we get the same form of wave-function (5) as (9) from the following relation
ψ(r) = g(r)φ(x(r)), g(r) = −2(1− i) (λr2)−1/4 (1 + λr2)−1/2. (12)
v
Therefore, we get the same differential equation (4) as (8), in which V (x(r)) and V(r)
satisfies the following relation of the potentials
V(r) = V (x(r)) + λ~
2
8m
[
1 + (1− 4m′Q2)
(
1 +
1
λr2
)]
. (13)
Here, we need the parameters of the generalized CRS model satisfy β = 2λ(m′Q+1)+λδ,
γ = 2λm′Q − λδ and C = ~
2
2m
(
λ(m′Q
2 − 1) +m′Qλδ
)
, where δ =
√
1 + 4m
2ω2
λ2~2
.
III. THE QES GENERALIZED HIGGS MODEL
In this section, we will reveal how to get the QES generalized Higgs model and give some
explicit examples.
By observing the transformation between the generalized CRS model and the radial
Higgs model, it is easy to find that the transformed Higgs potential V(r) (13) in the two-
dimensional Higgs model cannot actually be solved exactly for each of the corresponding
exactly solvable generalized CRS model. In this transformed potential (13), the parameter
m′Q is fixed by the parameter λ, β and γ. Meanwhile, the transformation requires the
angular parameter m′ of the generalized Higgs model to be equal to the parameter m′Q.
When X(x) = cos (2Θ(x)), this transformation has just canceled the parameter m′Q in the
transformed potential V(r). For a general case, however, the parameter m′Q in potential V(r)
cannot be directly separated from the radial coordinate r for angular parameter m′. So, it
is obvious that this transformed Higgs model have the exact solution Ψ(r, θ) = eim
′
Q
θψ(r)
in the case of m′ = m′Q, and the other solution for angular parameter m
′ 6= m′Q can not be
gotten analytically. Thus, we can get a series of the QES Higgs models from the exactly
solvable generalized CRS models.
In Ref. [3], for each exactly solvable CRS model, the analytical function X(x) needs to
satisfy the equation K d2X
dx2
+ λQx
dX
dx
= AX +B. Thus, there exists a general solution
X(x) = −B
A
+ C1 cosh
(√
A
λ
arcsinh
(√
λx
))
+ iC2 sinh
(√
A
λ
arcsinh
(√
λx
))
, (14)
which gives a solvable generalized CRS model for arbitrary A, B, C1 and C2 and give a
corresponding QES generalized Higgs model simultaneously.
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Example 1. A = −λl2, B = 0, C1 = 1, C2 = 0
In this case, X(x) = cos
(
l · arcsinh
(√
λx
))
. By the above transformation, we get the
QES potential
V(r) = ~
2
8mr2
[
1− 4m′Q2 + 2λr2(4m′Q + 3) + 4λr2(m′Q + 1)δ
]
(15)
− λ~
2
4ml2
[
10 + 8m′Q(m
′
Q + 2) + 8(m
′
Q + 1)δ + (l
2 − 4m′Q − 2)(2m′Q + 1) csc2(
l
2
Υ(r))
+(l2 − 4) (1 + δ) sec2( l
2
Υ(r))
]
+
2
l2
mω2
[
tan
(
l
2
Υ(r)
)
√
λ
]2
and the ground-state wave function
ψ0(r) = N0(λr2)−1/4(1 + λr2)−1/2
[
tan
(
l
2
Υ(r)
)]γ/(λl2) [
sin
(
l
2
Υ(r)
)]β/(λl2)
. (16)
The excited state wave functions can be gotten by the raising operator b† in Ref. [3]
φn(x) = (b
†)nφ0(x) and the transformation as ψn(r) = g(r)φn(x(r)).
For the excited state, however, the two-dimensional generalized Higgs model has exactly
solutions only in the condition of angular parameter m′ equaling to m′Q. In other angular
parameter cases, it cannot be solved. Therefore, it is a quasi-exactly solvable model.
For l = 2, we get the harmonic oscillator from the potential (15), where the m′Q is
canceled in the potential. It turns to be the exact solvable case.
Example 2. A = λ, B = 0, C1 = 0, C2 = −i
In this case, we have X(x) =
√
λx. For the transformation, we get the QES potential
V(r) = 2mω
2
λ
(sech(Υ(r))− tanh(Υ(r)))2 + ~
2
8mr2
[
1 + 2λr2 − 4m′Q2(1 + λr2)
]
(17)
+
λ~2
2m
{
m′Q
(
5m′Q − 3δ
)
sech2(Υ(r)) +
[−2 + 2m′Q(5 + 4m′Q)− 5δ] sech(Υ(r))tanh(Υ(r))
+
[
6 + 5m′Q(2 +m
′
Q) + 5(1 +m
′
Q)δ
]
tanh2(Υ(r))
}
vii
and the ground-state wave function
ψ0(r) = N0(λr2)−1/4(1 + λr2)−1/2 [sech(Υ(r))]β/λ exp(−γ
λ
gd(Υ(r))) (18)
where gd(x) = 2 arctan ex − pi
2
is the Gudermannian function.
The excited state wave functions can be gotten by the raising operator b† in Ref. [3]
φn(x) = (b
†)nφ0(x) and the transformation as ψn(r) = g(r)φn(x(r)).
For the excited state, however, the two-dimensional generalized Higgs model has exactly
solutions only in the condition of angular parameter m′ equaling to m′Q. In other angular
parameter cases, it cannot be solved. Therefore, it is a quasi-exactly solvable model.
IV. CONCLUSION
In this paper, we get the transformation between the generalized CRS model and the
radial Higgs model. Based on this transformation, we construct a series of the quasi-exactly
solvable generalized Higgs models. Applying this method, we can construct a series of
two-dimensional quasi-exactly solvable model by connecting a dimensional exactly solvable
model with the radial part of a two-dimensional model. Thus, we can get a plenty of
two-dimensional quasi-exactly solvable models finally. Furthermore, based on the result
presented in this paper, we can also discuss the eigenproblem of a quantum system, e.g.,
the counting function of the eigenvalue which is discussed in Ref. [24][25]. Moreover, we
can also discuss the relation between the operator algebra and the corresponding statistical
distribution [26]. Our result can also be applied into other statistical mechanics problems
[27].
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